THEOREM OF THE DAY NUMBER 135

weenamesnas T 2€QEN 'S Theorem on Bounded Movement Let G be a permutation group acting without fixed points
on a setQ. Denote by m the maximum size of any sulbse&t Q whose image under some group
element is disjoint front"; and suppose that m is finite. Théhis a finite set; the number t of G
orbits is at mosm — 1; each orbit has length at mo8m; and|QQ] < 3m+t—-1<5m- 2.

C; acting on {1,2,3,4,5} ... L

A, actingon {1,2,3,4} andon {a, b, c, d, e, f} 3

rotation by 7 gives (12)(34) and (a d)(b e)

b
rotation by 27 /3
gives (2 3 4) and
(abc)(def)

The two examples above will serve to illustrate a couple ahtsoof interest. One the left we see thmtdepends not only on the gro@
but also on its action; the cyclic groufy acts transitively on the pentagon: any point may be rotaiemhy other. The action has bounded
movement withm = 2 since any three points will intersect with themselves uno&tion. If insteads acts on the ten unordered pairs of points
thenm =4 (e.g.I' = {12 13, 34, 35} becomes disjoint from itself under rotation). This latteti@n has two orbits and we can check that indeed
Q=10<3m+t-1=12+2-1= 13, as ordained by the theorem. The bounffX& 5m- 2 becomes important when we do not know the
value oft. Subsequent work by Praeger with Peter M. Neumann redut¢edli < (9m - 3)/2, exhibiting moreover infinitely many examples
of groups which attain this new bound. Notice, however, thattransitiveCs action fails to meet the length bound oh®n its single orbit.

The same is true for the transitive point action of the rotal symmetry group of the tetrahedron, isomorphic to ther@ting groupA, as
shown above right. We hava = 2 and|Q2] = 4 < 3m = 6. However, the transitive action &, on the six edges of the tetrahedron again has
m = 2 and does attain the bound; such transitive actions havedmspletely determined by A. Gardiner, Avinoam Mann anc:Bea

This 1991 theorem of Cheryl Praeger links back to work by BH Neumann in the 1950s. It has apemaédw line of enquiry
for permutation group theorists, some of this work being alluded to above.

Web link: www.math.helsinki.fi/EWM/meetings/ewm_praeger.pdf actually aboutegular permutation groups but with masses of extra goodies
Further reading: Permutation Groupby P.J. Cameron, Cambridge University Press, 1999.
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