MTH6105 Algorithmic Graph Theory
Week 8. Lecture 2

Cover SA cover in a graphG = (V, E) is a subset of the vertices o6 satisfying
every edge contains at least one vertex of U.

This definition has a certain dual symmetry with the definitmf matching at the beginning of the
Week 8 Lecture 1 notes. This turns out, in the case of bipagtiaphs, to be genuine and gives us
another minimax theorem.

An example of a cover is shown below left, with the conventitat cover vertices are ‘filled in’. We can

think of a cover as a security problem: how many CCTV camerasodaged in order that every street
is under surveillance? The covdrin the example is seen to Ip@nimal: it cannot be made smaller (by

removing some of its vertices — if we remove any camera themesstreet is unmonitored).

secliises

Is the coveminimum: meaningNO cover can be made smaller? Well, the cover above right hgs onl
5 cameras and still every street is monitored. So our firsticaxas minimal but not maximaRgain we
have a problem which cannot be solved greedily.

How do we know the right-hand cover is a minimum cover, if & ihis is where the relationship with
matchings comes in...

Some terminology: let(G) (Greek letter ‘nu’) denote the size of a maximum matchingiriet 7(G)
(Greek letter ‘tau’) denote the size of a minimum coveGinWe have

Lemma For any grapl the following inequality is satisfied:
v(G) < 7(G). (1)

Proof: Let M be a matching irG and letU be a cover. Every edge i has some vertex it by
definition of cover, so we can make an assignment of matchdggsto cover vertices. Suppdsd4 >

|U|, then by the Pigeon Hole Principle (see Week 2, Lecture 1esomaer vertex is assigned more than
one matching edge. But this is impossible since by definitiatcinng edges do not share vertices. So,
for any matchingM and any covelJ, we havgM| < |U|. In particular this is true wheM is a maximum
matching andJ is a minimum cover. The inequality follows. O

Theorem If a graphG has a matching/l and a covetJ and|M| = |U| thenM is a maximum matching
andU is a minimum cover.

Proof: By definitionv(G) > |[M| and|U| > 7(G). So|M| = |U| impliesv(G) > 7(G). The Lemma gives
the reverse inequality. So equality holds @kly = v(G) (i.e. M is maximum) andU| = 7(G) (i.e. U is
minimum). O

We can now see that the right-hand cover in our example abagendeed minimum because the graph
has a perfect matching which has 5 edges.



