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Chapter 7. Section 3

The Adjacency Matrix

We have seen graphs represented formally as a set and aioolletsubsets; we have also
seen them represented informally as drawings. A third sspr&tion uses a matrix.

If Gis a graph withn vertices then thadjacency matrix A(G) of G is ann x n matrix whose
i j-th entry is equal to the number of edges joining vertexvertex|.

Two graphs are shown below together with their adjacencyioest

a D—D

G =
a b c d
a(0 3 0 1 0111
bl3 0 1 1 1011
AG=¢1o0 1 1 0 AKd =111 0 1
dl1 1 0 0 1110

The rows and columns @&(G) are assumed to be indexed by the elements of the vertex set of
G. It may help to label the rows and columns with the names ottreesponding vertices,

as shown above left. In the matri(K;), no vertex names are given but the matrix still
completely specifies a graph which is isomorphi&to

Note:
1. A(G) is a symmetric matrix: theth row is identical to the-th column: this is because
if vertexi hasp edges to vertex then vertexj must havep edges to vertek

2. The degree d) of vertexy; is given by the sum of thefibdiagonal entries in row +
twice the diagonal entry.

We can discover much more abdsifrom its adjacency matrix:

Theorem In a graphG the number of walks of lengthfrom vertexi to vertexj is equal to
theij-th entry of A(G)®.

Proof (outline) We see why the theorem is true fo 2 and appeal to induction to give the
general case.

Denote bya;; theij-th entry of A(G). Then thei j-th p

q
entry in A(G)? is equal, by definition of matrix prod- P, N
uct, to Y &k X a&;. But ay is the number of edges Ol s ¢)
joining vertexi to vertexk; anday; is the number of — ———
k

edges joining vertek to vertexj. So by the Product
Principle, the summation is equal to the sum over : L

verticesk (possibly equal ta or j) of the number of

walks of length 2 from to j via k (see the diagram i )2

top right). And by the Summation Principle this i X

equal to the total number of walks of length 2 from ki q !
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Example Below we show the graph from the previous page together \lghstjuare of its
adjacency matrix:
0 10 1 3
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The entries of the squared matrix can be checked againstdpé:gfor instance, the 11 walks
of length 2 fromb to itself are: 9= 3 x 3 walks viaa, one walkbd, db and one walkoc, cb.

Counting Spanning Trees

In a graphG on n vertices there may be many subsetsnef 1 edges which are trees on
vertices and are therefore spanning trees. We ca@{@gto count exactly how many!

For the above graph, two spanning trees are shown below iigdhot hard to see that there
are 7 in total: edgbc must be in every spanning tree while the self-loop @annot be in any
and can be ignored. From the cy —~

abd each spanning tree must us W © @ O G
edges which contain all three v
tices and this can happen in 7 wa @

Using A(G) to derive this value of 7 involves th#eter minant function. Recall the simple
rules for calculating determinants 0k2 and s

3 x 3 matrices as depicted on the right. At ( g e

we have deé i 3 ) = ad-bc; at (b) we have a | i|[e. [ n

. - : I— — =+ _‘/_ — \+ —+ =+
a similar summation over 3+ 6 products, _: d el i b sxei +bfg sedh

specified by repeating the first two columr aci+ big + odh — ceq — afh — bdi
of a given 3x 3 matrix?! | . |

Theorem (The Matrix Tree Theorem) Let G be a graph without self-loops. L&(G) be
the adjacency matrix o6 and letD(G) be the matrix whosé-th diagonal element is the
degree of vertex and which is zero everywhere else. Ud5) be the matrix specified as
L(G) = D(G) — A(G) and denote by (G)(1]1) the matrix obtained frorh(G) by deleting the
first row and column. Then

#spanning trees @ = detL(G)(1| 1).

Example. For the graph at the top left of this page, ignoring the k®ip at vertexc, we find
the degrees: dj = 4,d(b) = 5,d(c) = 1,d(d) = 2 and calculate:

0301 4 -3 0 -1 e 4 1
3011 -3 5 -1 -1
1100 -1 -1 0 2

and, using the Rule of Sarrus, #spanning tt#€es0+0-1-0-2=7.

Corollary (Cayley’s Theorem) The © ) © Q)
number of labelled trees anvertices ':> /.\. A. .L
is N2, @ ® O ® W 3 @ 3

The 32 = 3 labelled 3-vertex trees are shown above right as spanrgag bf a labelled.

1The illustration is reproduced from Whitty, R.\WOperations Research and Combinatorial Optimisation,
University of London International Programmes, 2010. The 3 diagram is known as the Rule of Sarrus.
A 4 x 4 version of the Rule of Sarrus, involving a summation over=4124 products can be found here:
www.theoremoftheday.ofGeometryAndTrigonomety@arrugSarrus4x4.pdf

2


http://www.theoremoftheday.org/GeometryAndTrigonometry/Sarrus/Sarrus4x4.pdf

Proof of Cayley’s Theorem

The derivation of Cayley’s Theorem as a corollary of the Mafree Theorem involves a bit
of work, but itis very neat and it produces another exampégeradn-linear recurrence relation.
Hereitis:

1. Denote byt(n) the number of labelled trees ervertices. Ther(n) =#spanning trees
in K,, (as illustrated foK3 at the bottom of the previous page).

t(n-1).

2. The matrixL(G) for K, is
n-1 -1 -1
L(K,) = -1 on-1 of sizen x n.
: P |
-1 -1 n-1
3. Now by the Matrix Tree Theorem,
n-1 -1 -1
-1 n-1 : .
t(n) = detL(G)(1|1) = det] (size now (1 — 1) x (n— 1)).
-1 -1 n-1
4. Now n—1 -1 _1
-1 n-1 -1
t(n) = det : , and apply Gaussian elimination:
: -1
-1 -1 -1 n-1
n-1 -1 -1
-(n-1) (n-1)? —(n-1)
= ! det :
~ (n-1)2
: -(n-1)
-(n-1) —(n-1) -(n=1) (n-1)
n-1 -1 -1
0 (-1¢-1 -(n-1)-1
= L det -
BCEE i I
: -n-1)-1
0 -(n-1)-1 -n-1)-1 (h-12-1
n-1 -1 -1
0 n(n-2) -n
= ! det :
- (n-1y? :
: -n
0 -n -n n(n-2)
n-2 -1 -1
-1 n-2 -1 ,
1 . n""
= (n-1)n"?x ———— det = —
N O (-1
: -1
-1 -1 -1 n-2
nn—2
5. And finish with an inductive proof thatn) = mt(n— 1) is solved byt(n) = n"2,



