Combinatorics Robin Whitty atwww.theoremoftheday.orﬂ

Chapter 5. Section 3

Closed Form Definitions and Solutions
A closed form definition in mathematics is one which does not involve amyusaces or

: . . d
series. This excludeg andl_[ signs (and | and ax’ but mostly we don’t come across

these). It also excludes recursive definitions as founddarrence relations.

Examples:
n n-1 n-1\. o n n!
1. (k) (k 1) ( K ) is not a closed form definition bL(L) ( T is closed

(provided you don't regard! as implying aJ | sign).

2. (1+x)tis a closed form foE(—l)k K= l-Xx+ XX +....
kc0

Here is an example which uses the binomial theorem in a mgi@stcated way:

Example Find a closed form for

[ee)

Z (E)(l + KX =1+ 2nx+ 3(2)x2 + 4(2)x3 +...,

k=0
wheren andk are positive integers.

Solution. We will solve this in two ways, one using clever manipulatafrbinomial expan-
sions, the other using (very basic) calculus.

1. Expanding the factor of (% k):

(o9

el = B e Zliee

k=0

= Q1+x"+

k=0
(E)kx" (classic binomial expansion)

M

- (1+x)”+Z( —k)lkl XK

k

- kZ; (n— k)!(.k— Ik

= (1+x"

= (1+x"+ an -1 —(r(]k_—li!))!(k —) X< (note change of lower limit!)

= A+X"+ nxz (n - 1)x"‘1
= k-1

which, if K is substituted fok — 1 (sok = 1 become¥ = 0) gives:

o (n—1
= (1+x)”+an( )XK
o\ K

= (1+x)"+nx(L+x"™" which is the required closed form.



http://www.theoremoftheday.org
http://www.theoremoftheday.org

2. We start with (I+ x)" and work forwards:

1+ X" = i (E)x" =
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k=0
Differentiate both sides
n n n n
n1+x"t = 0+ (1) + 2(2)x+ 3(3 X4+ n(n)x”‘1
xn(l+x)"t = :

D) +(2): (L+X"+xnd+x"*
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= (1+x"+nx(L+x"™ isour closed form.
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