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Chapter 4. Section 2

Combinatorial M odelling with Recurrences

The exam question in the previous section began by solvirgatirecurrences but ended by
actually using one to model a ‘real life’ combinatorial stiure (lines of square tiles). This is
our real concern—no use solving equations if they don’t dalang!

We shall count a number of fiierent structures. We shall find that often structures of two
different types lead to the same recurrence relation so thatth@scare the same. Then
we look for a way to match up the structures of one type witls¢hof the other type: i.e.
we look for a one-to-one correspondencebgection. Finding bijections is at the heart of
combinatorics.

Fibonacci's Rabbits

Leonardo de Pizza, better known as Fibonacci, asked thenioiy) question:

| have a baby girl rabbit and a baby boy rabbit. After a montythre grown
up and mate which leads, after one further month, to a new gab¥oy pair.
After another month they produce another pair; and by now thist offspring
are grown up and mating. If all pairs of adult rabbits gereemate new pair per
month and no rabbits ever die, how many rabbits will therenteeyear?

Fibonacci’'s question is illus-

trated on the right. Rabbi Generation  Population
pairs are ‘b’ for ‘baby’ un- (#pairs)
til they are ‘a’ for ‘adult'. Sd'b 0 1

For each rabbit pair, from the
month after it becomes adul

one new pair of baby rabbit: 6dv a 1 1
appears. - “,

We want to model the rabbi . ‘o..

population growth combinato a ’ b 2 o)
rially. This promises not only o 6 d 6 d

to answer Fibonacci's ques R
tion but also to reveal connec ) b a a
tions to other structures. 6 d 6 d 6 d

We know what the combinatorial model is, because it was tisgvanto part (e) of the exam
qguestion! LefF, be the number of rabbit pairs at momhSoF, = 1,F, = 1,F, = 2,F3= 3,....
What can we say abo#, in general? Well, in month, n > 2, all the montm — 1 rabbit pairs
are still alive, so that i§,,_; pairs. And all the montin — 2 pairs, whether baby or adult, will
add exactly one new baby pair, so that is anotfeg pairs. Total:F, = F_; + Fp».
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We can solve this to get a formula f&t, in terms ofn, which will answer Fibonacci’s ques-
tion with a single calculation. Of course, we can deternitpefor anyn, by generating the
complete sequence starting frdtg andF:

0123456 7 8 9 10 11 12
112 35 8 13 21 34 55 89 144 233

But a formula dfers something extra: a ‘long range’ idea of how the poputaiBagrowing.
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The homogenous equation: F,—F,;1—-F,,=0
The characteristic equation: r2—r—-1=0

, : . 1+ V5
Solutions (via quadratic formula): r = +2\/_
n n
1 1-
Homogeneous solution: F, = a/( +2\/§) +/3[ 2\/5)
. : 5 5 5-+v5
Solving fore andpB usingFo=F; =1: a= i \/_, B = &
10 10
co. B+ ¥B)(1+¥B) (5-VB)(1-VBY
"L 10 2 10 2
which can be simplified to: F 1 ( nrl = ) (1)
Cokn=—l¢ 1 )
V5 (o)
where ¢ = ! +2\/§, which is thegolden ratio ~ 1.618.

Sincey > 1, the Y (—¢)*?! term vanishes aB — . So now we know about long-term
population growth: it is roughl)(go/ \/B)gon ~ 0.72 x 1.62", asn grows large. Moreover,
equation (1), gives a very simple ratio in the linf;/F,_1 — ¢, asn — co. SO now we know

aboutrelative growth as well.

According to the exam question in Week 4, Lectur& 1(akaG,) also counts ways to make a
line of tiles of lengthn from ] and—]. Of course we ask WHY? The best possible answer is
to invent a bijection from th&, rabbit pairs to thé-, tile lines of lengthn. That is: give me a
rabbit pair and | give you a corresponding line of tiles (geation one way); and, | give you

a line of tiles and you give me a corresponding rabbit pairifgction the other way, making

a bijection altogether).

We can almost get away with just drawing another picture! hi@ version of Fibonacci's
rabbit tree below the pairs are represented by single esttlabelled ‘b’ or ‘a’ as before. We
map the month 1 adult pair to a square tile; in month 2 we addiarsgile for the adult but
replace with a rectangle for the baby. And we continue in Hreesway: down to an adult
= add a square; down to a babyreplace right-most tile with a rectangle. This is not a very
mathematical description of a bijection but it is enoughdenitify any line of tiles with a
unique tree vertex. @




