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Chapter 3. Section 3
Solving Linear Recurrences
For our purposes, a recurrence relation of degnedll consist of

1. A definition,a, = f(an-1,a@n-1,...,a-m, N), Of &, in terms ofa, x,1 < k < m, andn
itself, wheref is some function o+ 1 variables;

2. Initial conditions specifying the firsh sequence value®, a,, . . ., an_1.

For example, for the factorial functiam is defined asf ((n — 1)!, n), with the functionf just
multiplying its two arguments together to gise< (n — 1)!.

Our aim is to find a dferent function which gives, just in terms ofn. For examplen! =
n
l_[ k. This is calledsolving the recurrence relation. In general the solution will inmoate the

k=1
initial conditions: for example! = []_, k automatically gives Ot 1 because, by convention,

an empty product has value 1.
We cannot hope to solve an arbitrary recurrence relatione l8@an example to convince you:
a, = a,_1 +9gcd@,_1,n+ 1),n> 1, with initial conditionay = 7,

where gcdx, y) is the greatest common divisor function. This is a recureanhose degree is
just 1, but it appears hopeless to look for a formulagpin terms ofn. The reason? Because
the sequence of values of ged(;, n + 1) consists entirely of 1's and prime numbers:

1,1,1,53111,1,11,3,1,1,1,1,1,1,1,1,1,1,23 3,1, 1, ...

and the construction of prime-producing formulae in a gngriablen appears beyond the
scope of current mathematits.

What wecan solve ardinear recurrences in which theay are only involved in the form of a
linear sum withconstant coefficients:

n-1
=N+ > ca

k=n-m

wherecy are constantd, is a function oin, and initial conditions are supplied fag, as, . . ., am_1.

Typical examples might be:

Fn = Fo1+Fno2,n>2a =a =1, whichis the Fibonacci sequence, or
a = @ 1+2a,,-5n3+3n-7,n>3,a=1,a =3,a4 =17 which is made up.

We will demonstrate how linear recurrences are solved by efaycomplete worked exam-
ple. This is obviously an approach which is lacking in théioe¢ background! However, (1)
we will meet the problem again in a more theoretical light wiee work with generating
functions, and (2) it will allow us to recall a close link tolgimg linear diferential equations,
giving us a two-for-the-price-of-one technique!

! This recurrence was discovered very recently at a summeostdr university students. You can find out
more atrecursed.blogspot.co.[200807/rutgers-graduate-student-finds-new.htmi

2Although there are hugely complicated (and unusable) mohyjals in many variables which are known to
do the job, e.g. segrimes.utm.edlglossaryxpagg¢MatijasevicPoly.html
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Example We will solve the recurrence relation

a,=3a,.1—4a,3+6n-9 n>3 (1)
initial conditions:ag = -1, a; = 5, a, = 18, (2)

assuming, without justifying it, that any solution has tbenh a, = b, + h,, where

b, solves the recurrence (1) but not necessarily the initiatiteons (2); and
h, solves thenhomogeneous equation obtained by ignoring all terms of (1) except those in-
volving thea,.

1. Although it is not part of the solution it is a good idea tadfim few more values of the
sequenced)«o; this will allow us to check our solution at the end.

a3 3, -43;+6x3-9=3%x18-4x-1+9=067;
as = 3a3-4a;+6x4-9=3x67-4x5+15=196

2. Now we solve foib, in (1) assuming, again without justifying it, that our sadurt will
have the fornmb, = pn + q.

3(pn-2)+g)-4p(n-3)+q)+6n-9

—pn + 3pn —4pn + 6n

—-q-3p+3q+12p-49-9

-29+6=>p=3
-20+9p-9=20+9%x3-9=0=-20+18=q=9.

pn+q
so0

equate coféicients: 0
and 0

Sop=3,g=9andb,=3n+9.

3. Now we solve foh, in (2), whereh, is thehomogeneous equation a, = 3a,_; — 4a,_3,
which we will rewrite asa, — 3a,_1 + 4a,_3 = 0. We will assume, without justification,
thata, = r" solves this:

M — 3ty g3 0. Divide through by lowest power of which isr"=:
r’—3r2+4 = 0. Thisis called theharacteristic equation.

Solve forr by factorising:
r3—3r>+4 = (r+1)(r —2)* (Factor Theorem:«1)® — 3(-1) + 4 = 2° - 3(2®) + 4 = 0),
so we have aroat= —1 and arepeated root r = 2.
4. Now the solution method continues by asserting (agagrtbeds justification) that
hn = a(-1)"+ (B + yn) 2". 3)
In general, a root of the characteristic equation which appears with multtipli s
contributes tch, a sum of term{sz_i a; ni] r". In this case, the roat = 2 contributes

i=0
(B +vyn) 2" since it has muItipIicit)ls = 2.



5. We solve fora,s andy by evaluatinghy + by, h; + b; andh, + b, and equating to
a=1a =6anda, = 12:

n=0,a0=-1: a(-1"+@B+yx02°+3x0+9=-1

a+p=-10 4)

n=1a=5: a-1)+@B+yxD2'+3x1+9=5
—a+2B+2y=-7 (5)

Nn=2a=18: a(-1+B+yx2)22+3x2+9=18
a+48+8y =3 (6)

Now

4+0B): PB+2y=-17 (7
G)+(®): 6+10y=-4 (8)
8)-2x(7): 6y=230 9)

Sovy =5, givings = -9 and finallya = -1.
So our solutionto (1) is

an “1x(-1)"+(-9+5n)2"+3n+9

D)™+ (5n-92"+3n+9 (10)

6. Checking back against our earlier calculationrfes 3, 4:

(-1*+ (5% 3-9)2 +3x3+9=67;
(-1°+(5x4-92"+3x4+9=196

as
g

Of course we have not gained anything in terms of calculatjrigr small values of. Perhaps
it is an advantage that we can now find the valuea@fo, say, without having to use the
recurrence to work througdy, up toaggg first.

But a much more real reward is that we now understand the temy-growth of a,. As
n — oo all terms in equation (10) become insignificant excem"5 So we know that our
recurrence is behaving like 2" ‘thing’, as opposed to an3" thing or ann?2" thing. This is
impossible to detect directly from the original recurrenelation.

The plot below shows the exact valuesayf (the blue circles) against = 5x2* (the red
curve) andx?2* (the green curve). You can see tha®5is a pretty good match for our actual

sequence.
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A Connection Linear ordinary diferential equations may be solved following exactly the
same procedure as we followed above. It seems worth follp#irough the ODE version of
the same example, just because it is so impressive that mhe hnique works across the
apparently huge divide between continuous mathemati@ysis) and discrete mathematics
(combinatorics).

Example Solve the 3rd-order ordinary linearftérential equation

ddy _d?%
ﬁ—3ﬁ+4y—6x+920,
subject to initial conditiony = -1 atx =0,y =5atx =1,y = 18 atx = 2.

First we find gparticular solution of the formy, = px + Q.

& d? o . :
Slnced—;;b andd—))(/zb are both zero, substitutinagfx) into our ODE gives 4§x+q) —6x+9 = 0
and, equating cdicients, -6 = 0and 4+ 9 = 0, givingp = 3/2 andq = -9/4. So
3 9
Yo =3X=7
Now write down the characteristic equatior® — 3r? + 4 = 0. It has solutior = -1 and

repeated solution = 2. This means that thgeneral solution has the form

y:yh+yb:ae‘x+(/3+fyx)ezx+gx—g.

We can now use the initial conditions to solve t@r3 andy. We should not expect the
equations to solve as easily as for the recurrence relatibay-volve negative exponentials.
Here is what Maple gives as an exact solution:

-1 X+ X+ i r
y = 4(68_Zeg+e2)(23(><—2)e2 6 _ 5(x — 2X) %5 + 5(x — 1) @2 — 69(x — 1) &

~5 &+ 46 & — 69 € + 6K e — 23x €™ — 3(2x - 3) (¥ - 2€ + €)).

The approximate solution is a good deal easier to look at:

3 9
Y() = 5x— 7 +0.01062018522¢ + (1.239379815- 0.4617306850) €”".

Why not plot this too? | invite you to speculate about thetrefeship of this plot to the last!
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Plot ofy(X) = $x - 2 + 0.01062018522¢ + 1.239379815 & — 0.461730685%e* for 0 < x < 10.



