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Chapter 3. Section 2

Recurrence Relations

If, instead of having a functior : [m] — [n] we havef : Z*° — Z then we can think
of the function values as forming an infinite sequen{®), f (1), f(2).... More conveniently,
we write fo, fy, o, .... And more usually, perhaps to make clear the distinctiomfewbitrary
functions we have

a0, 81,8, - - -» OF (A0 -
The terms of the sequence may be defined by a rule. For exa(ﬁ‘fg)klgo is the sequence of

powers of 2: 12,4,8,16,32,.. and((—l)k(Zk + 1))k>0 is the sequence of odd numbers with
alternating signs: ,+-3,5,-7,..... -

Two classic sequences are

Arithmetic progression (AP) having the formay = ag + kd, k > 0, whered is called the
common difference anday is called thanitial term. It is easy to derive a formula for
thesum of thetermsof an AP up tak = nas

Zn:(ao+kd) = Zn: ao+zn“ kd = (n+1)ay+d Zn: d= (n+1)ao+d><%n(n+1) = %(n+1)(2ao+nd).
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Geometric progression (GP) having the forma, = aork, k > 0, wherer is called thecom-
mon ratio anday is called thanitial term. It is easy to derive a formula for the sum of
the terms of a GP up o= nby noticing that (1-r +...+r")(1-r) = 1 -r™1, so that

1— rn+1
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with the limit, for|r| < 1, beingag/(1 - r).

Both APs and GPs define their general teamn terms ofa,. The value ofay has to be
specified, of course, as amtial condition. We can extend this:

A recurrencerelation is an infinite sequencey)«o Wwhosen-th terma,, is defined
in terms of previous termg,, 0 < k < n. If the term of lowest index in the
definition isa,_n, for some fixed finite value afn, thenm s called thedegree of
the relation, and ifnitial conditions specify the values My, as, . . . a1, then all
values of the sequence are specified.

We can think of a recurrence relation of finite degneas being a window of lengtim which
slides along the sequence. At any point, all values in theleiwnare known, and this allows
the next value to be calculated. Then the window can movegatore to the right and the
calculation can be repeated.

83,845 85,84, &3, 82,81, | 8, i1, - -
Examples
1. Thefactorial functionn! is a sequence,l, 2, 6,24,120,720,504Q... = (&)ks0, de-

fined bya, = na,_1, with initial conditionay = 0! = 1. This has degree 1.

2. TheFibonacci sequence, 1,1,2,3,5,8,13, 21 ..., in which each term is the sum of the
two previous is defined by, = a,_1 + a,_», with initial conditionsa; = a; = 1. This
has degree 2.
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