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Chapter 2. Section 3

Variations on Permutations and Combinations

Permutations of distinct objects we can arrangé out of n distinct objects in a line (i.e.
linear arrangements) in

n!
nn-1)(n-2)---(n-k+1)= —— G
ways.
Permutations of non-distinct objects if our n objects consist of; copies of object 1¢,
copies of object 2,. . cy copies of objecN, where

Ci+C+...+cy=n, N <n,

then the number of linear arrangements ohadbjects is
n! n!
alc! oy TG
This formula can be derived byabelling objects. It is usually easier to count using
labelled objects than unlabelled (identical) objects!

Example How many linear arrangements can be made from the collecfiabjects
P.p.q.q,97

Label the objects to make themfidirent: py, p2, 1, 02, 3. Now there are 5= 120
linear arrangements. We might take the first six as:

Pr P2 Q1 G2 Q3
Pr P2 Q1 O3 G
Pr P2 Q2 O Qs
P P2 G2 Oz G
P P2 O3 1 G2
Pr P2 O3 G2 G
But these are all the same arrangement of pgaand threags: it has been repeated

3! = 6 times for all the ways we can arrangg g, gz. And then it will repeat another
six times:

P2 P1 02 G2 O3
P2 P1 O O3 Q2

So our list of six repetitions is repeated=22 times for the two arrangements pf, p,.

We see that every linear arrangemenippp, g, g, q will be repeated 2!3! times for the

different orderings of thg; andg.
So the answer i o' E =10
3? '

Dividing by n! removesthe Iabelling from arrangements of labelled objects.
Example How many linear arrangements are therdwee objects chosen frodp, p, 9, g, q}?

We cannot avoid checking each possible subset ché¢e, g}, {p,q,q}, {9,9,q} and
applying the formula separately:

3! 3! 3! 6 6
#arragements + =5 + > +

21 T 121 ol =7

olo
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Cyclic permutations of distinct objects Two arrangement af objects in a cycle are consid-
ered the same if one is a cyclic permutation of the other.

Example Here are three cyclic arrangements of 11,2, ..., 7} (note the abbrevia-
tion[n] ={1,2,...,n}).

The second is a cyclic permutation of the first obtained byicgclockwise four posi-
tions. The third is considered to be dfdrent arrangement.

There arerf — 1)! cyclic arrangements af distinct objects, obtained by fixing the first
object (at the top of the cycle) and then permutating the neimgn — 1 objects relative
to this fixed object.

If mirror image arrangements are also considered identical then the thiedgement
above is also considered to be the same as the first. This mhgulght of as asking how
manynecklaces can be made from differently coloured beads. All three arrangements
above would count as the same necklace—they are just beingdifterently.

The number of arrangementsmdlistinct objects considered identical under cyclic per-
mutations and mirror-image reflections s« 1)!/2.

Combinations chosen without replacement We can choose a subsetlobbjects from a set

|
of ndistinct objects |r(2) d ways.

T (- KK
Combinations chosen with replacement Imagine drawing objects from a bag af distinct
objects but after recording each choice we replace it in e b

Example: Our bag contains [6F {1, 2,...,6}. We draw out five, replacing after each
draw. The result could be;, B, 1, 5, 3.

k
Proof: Suppose our choices are arranged in non-decreasing order as

. : . . k-1
The number of ways of choosirkgobjects fromn with replacement |€n " )

Ck < C < R N
Add: 0 1 2 ... k-1
toget: d; < d < v < O

Thed; lieinthe range L ..,n+ (k- 1) and they are all dierent because th€'s have
become<’s.

The possible choices &fvalues forc; from 1, ..., nare in one-to-one (bijective) corre-
spondence with the possible choiceskofalues ford, from 1,...,n — k + 1, because,
given a set of distinct; values we can map back to an ‘original’ set@gfvalues by

, n+k-—
subtracting 01,...,n—1. There ar{

1 . ..
K ) choices ofd; values and this is equal to

the number of; choices.



Example: Taking our earlier sequence @fs in non-decreasing order:

1 <1< 3 <5 <5

Add: 0 1 2 3 4
to get: 1< 2<5<8< 9

producing a subsél, 2, 5, 8, 9} chosen fron{l, 2, ..., 10}.
Going the other way, starting with, sdy, 2, 8,9, 10} chosen from1, 2, ..., 10}:

1 < 2 < 8 < 9 < 10
Subtract: 0 1 2 3 4
to get: 1<1< 6 <6¢< 6

producing a sequence chosen with replacement {io . . ., 6}.

Distribution We haven identical objects which we want to place intoboxes. How many
ways may this be done?

Example: We have four (identical) sweets to dis- |:| |:| |:| |:|

tribute to three children. How many ways can this
be done?
On the right we show a systematic way to list the
choices, which also shows how to derive the for.
mula in general. We think of each possible distri-
bution as a nonnegative integer solution to the equi
tion
CiL+C+C3=4.

There are 4 units to distribute between the variable
and 3—- 1 ‘+’ signs which carry out the distribution.
Make a row of 4 3— 1 = 6 boxes and chose which
2 boxes get the-'s. Now you can readfd the cor-
responding solutions to the equation: the first twc
has zero boxes before the first soc; = 0; zero
more boxes before the secondsoc, = 0, leaving

Cz = 4, etc.

So the answer to our question is: how many way
can we choose 3 1 boxes from 4+ 3 — 1: that is,
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In general, the answer to the distribution problem of pgttindentical objects intdk
boxes is:

n+k-1
k-1 /)

Pascal’s Triangle is symmetrical: for anyandk, (E) = (nﬂk). So we have
n+k-1 _(n+k-1
n+k-1-(k-1) n /)

The number of ways of distributingidentical objects int& boxes equals the
number of ways to chooseobjects fronk distinct objects with replacement.

and we see that

You can try and find &ijective proof of this fact!



