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Chapter 2. Section 2

Example (atypical exam-type question)

(a) State the Product Principle and the Summation Prinofpt®mbinatorial counting.

(b) Two 6-sided dice are thrown. By using the Product and Satiom Principles, as ap-
propriate, determine the following:
(i) How many outcomes are there?
(i) How many possible outcomes are there for the sum on tloedice?
(i) What is the probability that the two dice sum to 6?
(iv) What is the expected sum on the two dice?

(c) Two playersA andB each throw two dice. LePag denote the probability that the sum
of A's two dice is equal to the sum &'s two dice.

() What is the value oPg?

(i) If an n-sided dice is used, give a formulanrfor the value ofPg.

Solution:

(a) These are given in the lecture notes (Week 1, lecture®)full marks, textbook defi-
nitions should be given as exactly as possible!

(b) When two dice are thrown,

(i) There are 6< 6 = 36 outcomes, by the Product Principle.
(i) Atree is not essential, unless the question requirdsiitcan be very helpful!
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N /é sums 4.....9

:\é sums 5,....10
6\"% sums 6,...,11

\é sums 7,....12

Nor does a drawing have to be complete. The aboveimnt to reveal that there
are eleven possible sum outcomes:.2, 12.

Note that it isincorrect to say that the Summation Principle is used here: if the
two dice are regarded as two trials then their outcomes arexatusive!

(i) If you didn’t need the tree in part (ii) it may become tgenow! There are five
outcomes fronD; which lead to a dice sum of 6. For each of these, the sum 6
occurs in only one way. So the required probability is #waygdt §#outcomes=
5/36.
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(iv) Expected sunk is given ask = Z pk X k wherepy is the probability that the

_ SUMEk
sum isk. For exampleps = 5/36. We get
1 2 2 1
E = %X2+%X3+336X4+"'+336X10+%X11+%X12
= 1(2+12)+ 2(3+11)+ + 5(6+8)+ 6 X7
- 36 36 36 36
1
= %(14x(1+2+3+4+5+6)—7x6)
1 1 (7-1)x6x7
= —|(14x = 7-7 =T =7
36( ><2><6>< ><6) 36

SoE which is ‘mean sum’ is 7, the same as the median sum (which snedse
since the tree in part (ii) was symmetrical, in terms of suritomnes).

(c) To establistPg, the probability that the sum &'’s two dice is equal to the sum &'s
two dice, we need aew tree!

(i) The value ofPag is the sum, over all endpoints in the tree corresponding taleq
dice sums, of the probabilities of those outcomes.
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There are eleven equal-sum outcomes: 22;3.311 11 and 12 12. But they have
different probabilities because a dice sum of 2 occurs with fibtyal /36 while
a dice sum of 6 occurs with probability 36, etc:

1\2 (2 6\ 2\2 (1)
(_36) +(—36) +...+(—36) +...+(—36) +(_36)

1 2, 92 2 2y _ 146 0
362(2(1 +2 +...+6) 6)_ 1296~O.110r11/o

(i) For n-sided dice we just need to determine how our trees generfatisin = 6:

5)2<I sums 2,..., ntl B AV A
—— | sums 2,.... 27

: sums 3 42 2

5 /< SUMS 2, 7 / /<I sums 2,..., 2n
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\< sums 2,.... 2n

2n
\< sums ntl,. . Zn - -
sums 2,..., 2n

ProbA sum equal® sum

n—1 _
\<I sums n,..., 2n—1

n



The summation has just the same ‘shape’ as before:

2o 3

1

ProbA sum equal® sum

2 2 2 2
= F(Z(l + 2 +...+n)—n)
1/(.1 ) 2n?+1
= F(Z.én(n+1)(2n+1)—n): 37

on?+1 73

We can check this is consistent with our answenfer 6, when =
3n3 648

0.11.
Better still we can check fan = 2 by actually listing all the probabilities, because

there are not too many. This is not part of our exam questiewan of course,
but it is a very good way of making sure you really know whataghg on!
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There: probability of getting same sum igl6+ 1/4+ 1/16 = 6/16 = 3/8 which
2x22+1 9

isthe same as———— = —.
3x 23 24



