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Question set for Chapter 7

1. The aim is to count walks and spanning trees for the gfaph
shown on the right.

(a) Specify the graph using

(i) set notation; (i) its adjacency matrix(G). (5) (<)
(b) Calculate
(i) AG)*; (i) A(G)°.

(c) Explain why the entrya;; in the 1st row and column of
A(G)? is 12; and why the entrg;, is 17. You need not
list all the walks involved but you should demonstrate that
you knowwhat these walks are.

(d) Write down forG the matrixL(G) that is used by the Matrix Tree Theorem (see
Chapter 7, Section 3).

(e) Calculate the determinant b{G)(1|1) and hence determine the number of span-
ning trees ofG.

() Confirm that your answer from part (e) is correct. You naetlist all the spanning
trees involved but you should demonstrate, e.g. diagramailgt that you know
what these spanning trees ar@HINT: work out separate enumerations for the
different ways that you can include edges incident with vertex a in a spanning
tree]

2. A directed graph odigraph is a graph with arorientation (i.e. arrow) on each edge.
Most of the definitions for graphs also apply, in a directenlsge for digraphs: aalk
is a consecutive sequence of edges in which all the arrowshigassame way’, etc.
The degree of a vertexis split betweenndegree d™(v) = #edges directed intg and
outdegree d*(v) = #edges directed out of

Supposés = (V,E) is a digraph. Adirected Euler tour is a directed walll
which visits each edge exactly once and returns to its séatéx. A classi
theorem says th& has a directed Euler tour if and only if every verte
has equal indegree and outdegregivil= d*(v) = d(v), say, for allv € V.
We then say thab is anEulerian digraph.

For example, in the digraph on the right, the teail cd bc b ais a directec
Euler tour.

A theorem known as the BEST Theorem (3&eorem of the Daysays that the number
of distinct directed Euler tours in an Eulerian digrdplis given by the product

t(G) [ [@w) -1

veV
wherex is any fixed vertex o6 andt,(G) is the number of spanning trees@in which

every vertex has a path directed towaxds

(@) Inthe digraph above,(G) = 3. Find the three spanning trees directed towards

(b) For the formula to be well-defined it is necessary th#&) has the same value for
any vertexx in an Eulerian digrapls. Confirm thatt,(G) also has value 3, for our
directed grapl®.

(c) Calculate the number of directed Euler toursGmsing the BEST Theorem and
find all the tours.
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