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Solutions for question set for Chapter 5

1. Apartition of a positive integenis an expression afas an (unordered) sum of positive
integers. For example4 3 + 3 is a partition ofn = 7, while 1+ 1+ 1+ 3+ 3+ 3is
a partition ofn = 12. The wordunordered means that, say, 3+ 3 and 3+ 1+ 3
count as the same partition. In 1748 Euler proved a strildegtity: the numbed(n) of
partitions ofn into distinct positive integers is the same as the numf@rof partitions
into odd positive integers.

(@) Confirm thad(7) = o(7) = 5 by writing down these partitions.
(b) Write down the 19 terms in the expansion of
(1+a) (1+ bz)(1+ 03)(1+ d4)(1+ e5)(1+ fe)(1+ g7)

which have degree at most 7. (8’c3, which has degree 6, will be included but
not b?f® with degree 8, etc.) Hence write down a brief explanation bf/the
generating function fod(n) is given by

i d(n)x" = ﬁ (1+x. 1)
n=0 k=1

(c) Rewrite the right-hand side of (1) as an infinite productatios in which each
numerator is a dierence of two squares. Hence deduce that

o . .
D“X (1 X)(1-x3) (1-x8) 2)

(d) Use the Binomial Theorem to rewrite the right-hand sifi€2p as a product of
infinite series. Then rewrite each powendh the first series in the formt+i+-+1,
each power in the second series in the fofit-*3, etc. Hence write down a brief
explanation of why the generating function fun) is given by

Z o(m)x" = 1—[ (1- sz 0y’ 3

and why this proves Euler’s identity.

SOLUTION:

(a) Distinctparts: +2+4,3+4,2+5,1+6, 7.
Oddparts: +1+1+1+1+1+1,1+1+1+1+3,1+3+3,1+1+5,7.

(b) We have
(1+a)(1+b?)(1+)(1+ ) (1+€)(1+ %) (1+)
= l+a+b®+ab®+c+ac®+d*+ad* + b’c + € + ab’c® + b?d* + ae® + °
+ab’d* + c2d* + b’ + af® + g'.

We observe that every term has distinct powers and that artigiggra of n into
distinct parts will match a unique term in the expansion.c8ithis will still be
true if we writex.x? instead ofab?, etc, we have the required equality.
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(c) Rewriting:

ﬁ (1+ x")

(1+x)(1+x2)(1+x3)---

k=1
@A) @)1 -x) (1 +X3) (1 - x3)
N (1-X) (1-x?) 1-x3)
_ ) A-x)A-X) 1%
(11—X) ﬂ«i/ng(ll—x?’)ﬂ(/x“’f

1-X1-x)1-x)

(d) The Binomial Theorem gived — x") ™t = 1+ x"+ (x")? + (x")® +.... So
1 1 1
QA-x1-x)1-x)

L+ x4 x4 )@+ 3+ +.))

A+X+xXP+..)

Now every term in the expansion of this product consists obagr of x in the
form x+it-+1x3+3+.43)5+5+.45 .. And every odd partition oh will correspond

is the generating function for

to a unique term in the expansion H Y
k=1 ( - X )

odd partitions.

Since itis equal to the generating function for partitiam®idistinct parts we have
d(n)x" = o(n)x" for all n and henceal(n) = o(n) for all n.

2. Construct an bijective proof of Euler’s identity:

Odd parts: Given a partition into odd partsy x 1+ a, x 3+ ag X 5+..., write each
a; as a sum of powers of 2: @2+ 22+ ...). Now expand out brackets, keeping
terms separate.

(a) Apply this to the odd patrtition of 100 given by
1+1+1+3+3+3+5+5+5+5+5+5+7+9+9+11+11+11

to get a partition of 100 into distinct parts.
(b) Explain brieflywhy the parts in part (a) are distinct.
Distinct parts. Try to deduce this for yourself:

(c) Write down how to reverse the injection eédlistinct just specified. Show
that this works for your answer to part (a) above.

SOLUTION:

(a) We have

1+1+1+3+3+3+5+5+5+5+5+5+7+9+9+11+11+11
= 3Xx1+3x3+6x5+1x7+2x9+3x11
= 1+2)x1+(1+2)x3+(2+4)x5+1x7+2x9+(1+2)x 11
= 1+2+3+6+10+20+7+18+11+22

(b) The terms must be distinct because we cannot higve=2¥ q for distinct oddp
andq (otherwise, suppode < k’; dividing by 2 would leavep = 2€~*q equating
an odd and even number).

= L+x+X+3+..)A+X3+x+. )+ +x%+..)---



(c) Write each even term in the partition uniquely in the fdfp for an odd number
2 times
. e
p. Now rewrite Zpasp+p+... + p.

For1+2+3+6+10+20+ 7+ 18+ 11+ 22 we get

1+2%x1+3+3%x2+2x5+4x5+7+2x9+11+2x11
=1+1+1+3+3+3+5+5+5+5+5+5+7+9+9+11+11+11



