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Question set for Chapter 1

1. A generalised version of the Pigeon Hole Principle is tilewing:

Suppose], Oy, . . ., O, are positive integers. H, +gx+. ..+, — N+ 1 objects
are put inton boxes then for somg 1 < i < n, boxi contains at leasy
objects.

(a) What values of thg; produce the original version of the Pigeon Hole Principle?

(b) Use the generalised Pigeon Hole Principle to answerdhewiing question: A
basket of fruit is being arranged out of apples, bananas,oamages. What is
the smallest number of pieces of fruit that should be put enldasket in order to
guarantee that either there are at least 8 apples or at |dmstahas or at least 9
oranges?

(c) Give a proof by contradiction of the generalised PigeoheHPrinciple.

2. Thedivisor function d(n), for positive integers, counts the number of divisors of So
d(6) = 4 because 6 is divided by, 2,3 and 6. The function behaves rather erratically
and is hard to predict (after afl is a prime number if and only ifi(n) = 2). But

. = 1y : .
the mean divisor function d(n) = - Z d(k) behaves in a very regular manner as this
k=1
guestion shows by double counting.

(a) Fillin the following table by placing a 1 in ro columnn if and only if k divides

n:
1 2 3 4 5 6 7 8 9

00 N O o B~ WON B

9

(b) What does column count?

(c) If we count all the 1's in all the columns and divide by 9 whanction value do
we get?

(d) How many 1's are there in rok? Express your answer in terms of the floor
function| x| = largest integer not exceedixg

(e) If we added all rows with the table havingows andn columns what would the
total be, in), notation?

(f) Use double counting, and the fact that is always less than 1 from the value of
X, to give an approximate value fdfn).
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