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Notice a kind of  ‘quadratic 
bootstrapping’ from 
power k = 1 to power k = 3 



Linear bootstrapping 



Non-bootstrapping? The Bernoulli numbers 



(A famous simultaneity: Seki and Bernoulli) 

Seki Takakazu's Katsuyō Sanpō (1712) Jakob Bernoulli’s Ars Conjectandi (1713)  
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1 10 45 120 210 252 210 120 45 10 1 

1 9 36 84 126 126 84 36 9 1 

1 8 28 56 70 56 28 8 1 

1 7 21 35 35 21 7 1 

1 6 15 20 15 6 1 

1 5 10 10 5 1 

1 4 6 4 1 

1 3 3 1 

1 2 1 

1 1 

1 

1 2 3 4 5 6 

0 0 

1 0 0 

2 0 1 0 

3 0 2 2 0 

4 0 3 5 3 0 

5 0 4 9 9 4 0 

6 0 5 14 19 14 5 0 

Faulhaber as a linear transform 

Construct a lower triangular matrix Q from Pascal’s 
triangle. 



Inverting (infinite) lower triangular matrices 



Inverting Pascal 



Inverting Pascal minus 1 



Inverting Pascal minus 1 and summing rows 





Moessner’s Magic: quadratic bootstrapping 
as a linear transform 

In 1951 Alfred Moessner a Bavarian 
(amateur?) mathematician invented a 
‘sieve’ for listing the kth powers of 
integers (given a proof shortly 
afterwards by Oskar Perron, of Perron–
Frobenius fame) 



If you delete every second number from the series of 
natural numbers, so that only the series of odd 
numbers remains, then their sum series consists of 
the square numbers 
    1, 4, 9, 16, … 
This well-known fact suggests a surprising 
generalization that seems not to have been noticed 
yet. 
Suppose you delete every third number from the 
series of numbers, and from the remaining, now no 
longer arithmetic, series 
    1, 2, 4, 5, 7, 8, 10, 11, 13, 14, … 
take the sum series: 
    1, 3, 7, 12, 19, 27, 37, 48, 61, … 
Now delete every second entry, and from the 
remaining row 
    1, 7, 19, 37, 61, … 
again take the sum series. Then the cubic numbers 
appear: 1, 8, 27, 64, 125, … 

And in general the following applies to every integer k > 1: 
if you cross out every k-th number from the series of 
natural numbers and form the sum series from the 
remaining numbers; then cross out every (k – 1)-th number 
from this and form the sum series again, then cross out 
every (k – 2)-th number from this and form the sum series 
again, and continue this process until you finally cross out 
every second number at the (k – 1)-th step and then form 
the sum series, this creates the series of k-th powers 1k, 2k, 
3k, 4k, … . 
This theorem is given here first without the not-so-simple 
proof. 
 
 

A remark about the powers of the natural numbers 
A translation into English of Moessner’s 1951 article 



If you delete every second number from the series of 
natural numbers, so that only the series of odd 
numbers remains, then their sum series consists of 
the square numbers 
    1, 4, 9, 16, … 
This well-known fact suggests a surprising 
generalization that seems not to have been noticed 
yet. 
Suppose you delete every third number from the 
series of numbers, and from the remaining, now no 
longer arithmetic, series 
    1, 2, 4, 5, 7, 8, 10, 11, 13, 14, … 
take the sum series: 
    1, 3, 7, 12, 19, 27, 37, 48, 61, … 

Moessner in matrix form I 



 ….. 
    
   1, 3, 7, 12, 19, 27, 37, 48, 61, … 
 
 
 
 
 
Now delete every second entry, and from the 
remaining row 
    1, 7, 19, 37, 61, … 
again take the sum series. Then the cubic numbers 
appear: 1, 8, 27, 64, 125, … 

Moessner in matrix form II 



 ….. 
    
Now delete every second entry, and from the 
remaining row 
    1, 7, 19, 37, 61, … 
again take the sum series. Then the cubic numbers 
appear: 1, 8, 27, 64, 125, … 

Moessner in matrix form III 

And what is the linear transform producing the cubes? 



Moessner in matrix form IV 

What if this is is a repeated, down-shifted block?  
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And what is the linear transform producing the cubes? 



Moessner in matrix form V 

What  is involved in listing the 5th powers? 

sr(10,5) sr(10,4) sr(10,3) sr(10,2) 

These matrices represent 
Moessner’s Summenreihe, his 
sum series. 
 
The number of rows reduces 
since we omit the row that 
says ‘don’t add the k-th 
natural number’. 

Take 1st number 

Add 2nd number 

Add 4th number 

Add 5th number 

Add 7th number 

… 
 

Omit every 5th number Omit every 4th number 
Omit every 3rd number 

Omit every 2nd number 

sr (n,k)  has roughly 
 
 
 
rows.  In fact, precisely 
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Moessner in matrix form VI 

Suppose we want to list the first six 5th powers. 

The product of sum series matrices will be  
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So  n2  is 12 to give 
 
So then  n3  is 18 to give 
 
So then  n4  is 24 to give 
 
So finally  n5  is 30 to give 
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with the ni chosen to produce a product matrix of six rows. 
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Moessner in matrix form VII 
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And here is the calculation 



Moessner in matrix form VIII 

And the Moessner matrix? 
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Moessner in matrix form IX 

The Moessner matrix block is 
shifted down by 1 each time. 
 
So the result of multiplying it into 
the column of natural numbers is 
the same as multiplying across 
and up the rows of the block:  
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243 = 35 

“This theorem is given here first without the not-so-simple proof.” 
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This gives a formula for kth powers which is a bit 
cumbersome but fits our idea of quadratic bootstrapping: 


